N = 1 Supergravity with cosmological constant and the AdS group 
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It is shown that the supersymmetric extension of the Stelle-West formalism permits the construc- 
tion of an action for (3 + l)-dimensional TV = 1 supergravity with cosmological constant genuinely 
invariant under the OSp(4/l). Since the action is invariant under the supersymmetric extension of 
the AdS group, the supersymmetry algebra closes off shell without the need for auxiliary fields. 
The limit case m — ► 0, i.e. (3 + 1) -dimensional TV = 1 supergravity invariant under the Poincare 
supergroup is also discussed. PACS number(s): 04.65. +e 
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I. INTRODUCTION 

In recent years it has been shown that in odd- 
dimensional supergravities Q , Q : the fundamental field 
is always the connection A and, in their simplest form, 
these are pure Chern-Simons systems. In contrast with 
the standard cases, the supersymmetry transformations 
close off-shell without auxiliary fields. 

The Chern-Simons construction fails in even- 
dimensions for the simple reason that there has not been 
found a characteristic class constructed with products of 
curvature in odd dimensions. This could be a reason why 
the construction of a (super)gravity in even dimensions 
invariant under the (anti) de Sitter group has remained 
as an interesting open problem. 

It is the purpose of this paper to show that the su- 
persymmetric extension of the Stelle-West formalism [3J , 
which is an application of the theory of nonlinear re- 
alizations to gravity, permits constructing a (3 + 1) - 
dimensional supergravity off-shell invariant under the 
(anti) de Sitter group. Applications of the theory of non- 
linear realizations to supergravity has been carried out by 
Chang and Mansouri [j] , and by Giirsey and Marchildon 
PJ. These authors considered a nonlinear realization of 
the OSP(l,4) in the context of the spontaneous break- 
down of supergravity. Unlike the present work, they iden- 
tified the corresponding coset parameters with the points 
of space-time itself. 

In the present work, the Goldstone fields represent a 
point in an internal anti-de Sitter space. In describing 
the geometry of this internal space, we make use of some 
of the results of ref. km on the nonlinear realization of 



supersymmetry in anti-de Sitter space. 

An important stimulus for the interest in the construc- 
tion of a supergravity invariant under the AdS superalgc- 
bra has come from recent developments in M theory |2J. 
In particular, Some of the expected features of M-theory 
are (i) its dynamics should somehow exhibit a superalge- 
bra in which the anticommutator of two supersymmetry 
generators coincides with the AdS superalgebra in eleven 
dimensions Q , (ii) the low-energy regime should be de- 
scribed by an eleven dimensional supergravity of a new 
type which should stand on a firm geometric foundation 
in order to have an off-shell local supersymmetry [Tof 

The paper is organized as follows: In sec. II, we shall 
review some aspects of the torsion-free condition in su- 
pergravity with cosmological constant. The Supersym- 
metric extension of the Stelle-West formalism is carried 
out in sec. Ill where the principal features of the nonlin- 
ear realizations are reviewed and the nonlinear fields vier- 
bein, spin connection and gravitino are derived. An ac- 
tion for supergravity genuinely invariant under the AdS 
superalgebra is constructed in sec. IV, and its corre- 
sponding field equations as well as the limit m — > are 
discussed. Section V concludes the work with a look 
forward to applications of the present results to super- 
gravity in higher dimensions. Some technical details on 
the calculations are presented in the Appendix. 



II. 



TV = 1 SUPERGRAVITY 



In this section we shall review some aspects of the 
torsion-free condition in supergravity. 



A. The torsion-free condition in N=l supergravity 

*pasalgad@udec.cl 

tsdelcamp@ucv.cl Supergravity is the theory of the gravitational field in- 

tmcataldo@ubiobio.cl teracting with a spin 3/2 Rarita Schwinger field [HI, 0, 



2 



[l3| . In the simplest case there is just one spin 3/2 Ma- The associated Bianchi identities are given by 

jorana fermion, usually called the gravitino ip. The cor- 
responding action is DR a = (7) 



S = I s abcd e a e b R cd + ^ lb e a la DiP (1) 

where, e° is the 1-form vielbein, LO ah is the 1-form spin 
connection, and Dip = dip — \ Lo ab ^ ab ip is the Lorentz 
covariant derivative. 

D = 3 + 1, N = 1 supergravity is based on the Poincare 
supergroup whose generators P a ,J ab ,Q a satisfy the fol- 
lowing Lie-superalgebra: 

[Pa,Pb] =0 
[Jab, Pc] = i (VacPb ~ VbcPa) 
[Jab, Jed] — i (VacJbd ~ VbcJad + VbdJac ~ VadJbc) 
[Jab, Qa] = i {lab) a (j Q 
[Pa,Qp}=0 



DT a + R ab e b -i^j a p = (8) 



Dp+^R ab lab iP = 0. (9) 
However, although A A = (e a , uj ab , ip) is a YangJVlills 

A a 

potential and R A = (R ab , T , p) the corresponding field 
strength, the action Q is not of the Yang-Mills type. 
The main differences between an action of the Yang-Mills 
type and the action Qare: (i) a Yang-Mills action is in- 
variant under the whole gauge group of which the A A 
are the Lie superalgebra valued potentials; (ii) the ac- 
tion instead, is not invariant under the whole gauge 
supergroup, but only under the Lorentz transformations. 

The invariance under Lorentz gauge transformations is 
manifest. To show the non invariance of Q both under 
a supergauge translation and under supersymmetry we 
recall that, under any gauge transformation, the gauge 
connection A A transforms as 



[Qa,Qp] = -2 {i a ) af }Pa- (2) 

Working in first order formalism, the gauge fields e a , 
w ab , ip are treated as independent. The key observation is 
that (e°, uj ab , ip), considered as a single entity, constitute 
a multiplet in the adjoint representation of the Poincare 
supergroup. That is, we can write: 

A = A A T A - Uu ab J ab - ie a P a + ~4>Q (3) 

where A is the gauge field of the Poincare supergroup, 
Pa, Jab, Q a being the generators of the Poincare transla- 
tions, of the Lorentz transformations and of the super- 
symmetry, respectively. Hence supergravity is the gauge 
theory of the Poincare supergroup. 

The field strength associated with A A is defined as the 
Poincare Lie superalgebra- valued curvature 2-form R A . 
Splitting the index A, we get 

R ab = du ab - uo a c uj cd (4) 



T a = T a - ^ 7 > (5) 



5 A = -DX = dX- [A, A] (10) 

with 

X=Un ab J ab -ip a P a +eQ (11) 

Using the algebra 10) we obtain that e a , ui ab , and ip, 
under Poincare translations, transform as 

6e a = Dp a ; 5u ab = 0; 5ip = 0; (12) 

under Lorentz rotations, as 

Se a = K a b e b ; 6cu ab = Dn ab ; Si/j = ~n ab lab iP; (13) 

and under supersymmetry transformations, as 

5e a = ~2iej a ip; Suj ab = 0; Sip = De. (14) 

The action is invariant under diffeomorphism, and 
under local Lorentz rotations , but it is not invariant 
under neither Poincare translations nor supersymmetry. 

In fact, under local Poincare translations 

SSpt = 2 fe abcd R ab (t c - ^Jj c ip) p d + surf, term 



p = Dijj. 



(6) 



SS = 2 e abcd R ab T p d + surf. term. (15) 
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Under local supersymmetry transformations 



8S S 



4 / ej5j a Dtjj T +surf. term. 



(16) 



Thus the invariance of the action requires the vanishing 
of the torsion 



A « 

T = 0. 



(17) 



This means that the connection is no longer an indepen- 
dent variable. Rather, its variation is given in terms of 
Se a and Sip, and differs from the one dictated by group 
theory. An effect of the supertorsion-free condition on 
the local Poincare superalgebra is that all commutators 
on e°, ip close except the commutator of two local su- 
persymmetry transformations on the gravitino. For this 
commutator on the vierbein one finds 

[6 ( ei ) , S (e a )] e a = ~E 2 j a De 1 ~e 1 j a De 2 = X -B ^ 2l a e x ) . 

(18) 

(19) 



With p a — \e 2 n a e\, we can write 

[S (e 1 ),S(e 2 )}e a = Dp a . 



This means that, in the absence of the torsion-free condi- 
tion, the commutator of two local supersymmetry trans- 
formations on the vierbein is a local Poincare translation. 
However, the action is invariant by construction under 
general coordinate transformations, but not under local 
Poincare translation. The general coordinate transforma- 
tion and the local Poincare translation can be identified 
if we impose the torsion-free condition: since p a 
we can write 



D„ 



+P u„ e^b + p 1 . 



(20) 



This means that, if T£ v = 0, then the following commu- 
tator is valid: 



[S Q ( £l ) , S Q (e 2 )} = S GC T ( P n + S LLT 



(a afc ei) [S (e 2 )u; ab 



(22) 



The condition T = leads to uj ab = uj ab (e, ip) which 
implies that the connection is no longer an independent 
variable, and its variation S (e) uo ab is given in terms of 
6(e)e a and S(e)ip. Introducing 6 (e) uj ab (e, ip) into J23 
we see that, without the auxiliary fields, the gauge al- 
gebra does not close, as shows the eq. (10) of ref . [l3^ . 

Therefore the condition T = not only breaks local 
Poincare invariance, but also the supersymmetry trans- 
formations. 



B. The torsion-free condition in N = 1 supergravity 
with cosmological constant 

The action for supergravity with cosmological constant 
is given by [lj] 



S = I e abcd R ab e c e d + 4ipj 5 j a Dipe a 



+2a'e abcd e a e b e c e d + 3ae abcd iPj ao iPe c e 



(23) 



where, e a is the 1-form vielbein, oj ab is the 1-form spin 
connection, and Dip = dip — i uo ab "f ab ip is the Lorentz 
covariant derivative. 

The anti de Sitter version ofN = l,D = 3 + l su- 
pergravity is based on the graded extension of the AdS 
group, i.e on the OSp(l/4) whose generators P a , J a b,Q a 
satisfy the following Lie-superalgebra: 

[Pa, Pb] = -im 2 J a b 
[Jab, Pc] = i (VacPb ~ VbcPa) 
[Jab, Jed] = i ijlacJbd ~ VbcJad + VbdJac ~ VadJbc) 
[Jab, Qa] = i {lab) aj 3 Q ' /3 



(21) 



where we can see that P in {Q, Q} = P, i.e. lo- 
cal Poincare translation, is replaced by general coordi- 
nate transformations besides two other gauge symme- 
tries. The structure constants defined by this result are 
field-dependent p| , which is a property of supergravity 
not present in Yang-Mills Theory . 

The commutator of two local supersymmetry transfor- 
mations on the gravitino is given by 

P(ei),*(e2)]^ = i(o- o6 e a ) [S(ei)co ab ] 



[Pa,Qa] = --jrn{^ a ) a pQi3 



[Qa, Q/j] = "2 ( 7 Q ) Q/3 P a - 2m( 1 ab ) a0 Jab 



(24) 



Working in first order formalism, the gauge fields e a , 
uj ab , ip are treated as independent. The key observation 
is that (e a , uj ab , ip) , considered as a single entity, consti- 
tute a multiplet in the adjoint representation of the AdS 
supergroup. That is, we can write: 



A = A A T A = X -iuj ab J ab - ie a P a + +i>Q (25) 
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where A is the gauge field of the AdS supergroup, 
P a ,J a b,Q a being the generators of the AdS boosts, of 
the Lorentz transformations and of the supersymmetry 
transformations, respectively. Hence supergravity with 
cosmological constant is the gauge theory of the AdS su- 
pergroup. 

The field strength associated with A A is defined as the 
Poincare Lie superalgebra- valued curvature 2-form R A . 
Splitting the index A, we get 

R ab = R ab + 4aVe b + a $ 7°Y (26) 



A a 1 _ 

T = T a - - ip 7 a V> (27) 



p = D*p- a la ^e a . (28) 
The associated Bianchi identities are given by 

DR ab - 8a 2 T a e b + 2a i/> j ab p = (29) 



DT a + R ab e b -i^ 1 a p = Q (30) 



Dp - ia la ^T a - -R ab lab iP = 0. (31) 
However, although A A = (e a , u> ab , ip) is a YangJMills 

A a 

potential and R A = (R ab , T , p) the corresponding field 
strength, action (|23|1 is not of the Yang-Mills type. The 
main differences between an action of the Yang-Mills type 
and the action l|23fl are: (i) a Yang-Mills action is invari- 
ant under the whole gauge group of which the A A are the 
Lie superalgebra valued potentials; (ii) the action (1231) . 
instead, is not invariant under the whole gauge super- 
group, but only under the Lorentz transformations. 

The invariance under Lorentz gauge transformations is 
manifest. To show the non invariance of 12- il) both under 
a supergauge translation and under supersymmetry we 
recall that, under any gauge transformation, the gauge 
connection A A transforms as 

5 A = -DX = d\- [A, A] (32) 

with 

A = \in ab J ab - ip a P a + +eQ. (33) 

Using the algebra Ij24(l we obtain that e a , ui ab , and ijj, 
under AdS boosts, transform as 

8e a = Dp a ; 5uj ab = m 2 (p a e b - p b e a ); Sip = 0; (34) 



under Lorentz rotations, as 

5e a = K a b e b ; 5oj ab - Dn ab ; 5^ = ~ K ab lab ^; (35) 

and under supersymmetry transformations, as 

Se a = -2i£-/ a ?p; 6u ab = 0; SiJj = De. (36) 

The action Ij23(l is invariant under diffcomorphism and 
under local Lorentz rotations, but it is not invariant un- 
der neither AdS boosts translations nor local supersym- 
metric transformation. 

In fact, under local Poincare translations 

A c 

£abcdR a T p d + surf, term (37) 

and under local supersymmetry transformations 

r_ a a 

8S susy = — 4 / ej 5 j a Dip T +surf. term. 

Thus the invariance of the action requires the vanishing 
of the torsion 

A a 

T =0. (38) 

This means that the connection is no longer an inde- 
pendent variable. Rather, its variation is given in terms 
of Se a and dtp, and differs from the one dictated by 

A° 

group theory. The condition T = not only breaks local 
Poincare invariance, but also the supersymmetry trans- 
formations. 



III. SUPERSYMMETRIC EXTENSION OF THE 
STELLE-WEST FORMALISM 

The basic idea of the Stelle-West (SW) formalism is 
founded on the mathematical definition ^j|>13 of the 
vielbein V a . This vielbein, also called solder form [l6j . 
was considered as a smooth map from the tangent space 
to the space-time manifold M at a point P with coor- 
dinates x M , and the tangent space to the AdS internal 
space at the point whose AdS coordinates are £ a (x), as 
the point P ranges over the whole manifold M. The fig A 
of ref. 3] illustrates that such a vielbein V£ (x) is the ma- 
trix of the map between the space T x (M) tangent to the 
space-time manifold at a;' 1 , and the space T^ x ) ({G/H} x ) 
tangent to the internal AdS space {G/H} x at the point 
£ a (x), whose explicit form is given by eg. (3. 19) of ref. 0- 
In this section we consider the supersymmetric extension 
of the Stelle-West formalism 



A. Non-linear realizations of supersymmetry in 
AdS space 

The non-linear realizations in de Sitter space can be 
studied by the general method developed in ref. |17| . 
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[l8j . Following these references, we consider a Lie (su- 
pergroup G and a subgroup H. 

Let us call {Vij^Z-, the generators of H. We assume 
that the remaining generators {A;}^ =1 can be chosen so 
that they form a representation of H. In other words, 
the commutator [Vj, A;] should be a linear combination 
of Vj alone. A group element g £ G can be represented 
(uniquely) in the form 
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(39) 



where h is an element of H. The parametrize the coset 
space G/H. We do not specify here the parametrization 
of h. One can define the effect of a group element go on 
the coset space by 



503 = 9o(e^ A 'h) = e«" A 'h' 



ffoe e' A « = e «' iA «/ ll 



where 



(40) 



(41) 



(42) 



f = £'(so,0 

hi = hi(g ,Q. 
If 5o — 1 is infinitesimal, i|41|) implies 

e _e ' A ' (.90 - 1) e«' Ai - e-« !Ai (5e« !A! = h x - 1. (43) 

The right-hand side of l|43|l is a generator of //". 

Let us first consider the case in which go = ho £ H. 
Then gives 



(44) 



Since the A 1 form a representation of H, this implies 



/ii = ho; h = /iq/i. 



(45) 



The transformation from £ to £' given by (|44|l is linear. 
On the other hand, consider now 



.90 = e e ° Al - 
. In this case (|41[l becomes 



(46) 



(47) 



This is a non-linear inhomogeneous transformation on £. 
The infinitesimal form (|43|l becomes 



The left-hand side of this equation can be evaluated, us- 
ing the algebra of the group. Since the results must be a 
generator of H, one must set equal to zero the coefficient 
of A;. In this way one finds an equation from which <5£ J 
can be calculated. 

The construction of a Lagrangian invariant under 
coordinate-dependent group transformations requires the 
introduction of a set of gauge fields a = a^Aida;^, 
p — p^Vidx^, p — p^Ajdx' 1 , v = w^V,dx M , associated 
respectively with the generators Vi and Ai . Hence p + a 
is the usual linear connection for the gauge group G, and 
the corresponding covariant derivatives is given by: 



D = d + f(p + a) 
and its transformation law under g £ G is 



g : (p+a) -> {p'+a') = 



g(p + a)g 1 - j{dg)g 1 



(49) 



(50) 



where / is a constant which, as it turns out, gives the 
strength of the universal coupling of the gauge fields to 
all other fields. 

We now consider the Lie algebra valued differential 
form [HI 



e^' Al [d + f(p + a)} e«' Ai = p + v. 



(51) 



The transformation laws for the forms p(£, d£) and 
v^jdQ are easily obtained. In fact, using l|4l)|) . tTTl one 
finds 



p' = hip(hi)~ 



v' = hivQiiY 1 + hid(hi)~ 



(52) 



(53) 



The equation (|52|l shows that the differential forms 
p(£, g?£) are transformed linearly by a group element of 
the form l|46|l . The transformation law is the same as 
by an element of H, except that now this group element 
/ii(£o,£) is a function of the variable £. Therefore any 
expression constructed with p(£,d£) which is invariant 
under the subgroup H will be automatically invariant 
under the entire group G, the elements of H operating 
linearly on £, the remaining elements non-linearly. 

We have specified the fields p and v as well as their 
transformation properties, and now we make use of them 
to define the covariant derivative with respect to the 
group G: 

D = d + v. (54) 
The corresponding components of the curvature two-form 



T = Dp 



(55) 



( i A iV.A,^ A - e~t lA '6eZ' A > = h x - 1. (48) 



R = dv 



(56) 
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B. Supersymmetric Stelle-West formalism 

We now take as G the graded Lie algebra (|24() having 
as generators Q a , P a and M ab . It has as a subalgebra H 
that of the de Sitter group SO(3, 2) with generators P a 
and Mai,. This, in turn, has as subalgebra L that of the 
Lorentz group 50(3, 1) with generators M ab . An element 
of G can be represented uniquely in the form 
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,xQ h = e xQ e -H a Pa l 



(57) 



where h G H and I G L. On can define the effect of a 
group element g on the coset space G/H by 



9o9 



-i£'»P al > 



or 



xQ = e x'Q hl 



111 



(58) 



(59) 



(60) 



(61) 



Clearly ^ = hi(g a ,x) and Zi = Zi(go,X,£)- 

If 50 — 1 and hi — 1 are infinitesimals, l|59" )l .l|6U [l implies 

e~* Q (.go ~ 1) e* Q - e-x Q Se* Q =hi-l (62) 



e*« ap " (/ij - 1) e-*« ap " - e« ap ^e-^ ap ° = ^ - 1. (63) 

We consider now the following cases: If go = Iq G £, 
(El,® give 



(64) 



while l|60(l gives 

ftoe* ap - =e- i «'° p »Z 1 (/io,0- 



(70) 



In this case x transforms linearly, but the transformation 
law H70J1 of £ under pseudo-translations is inhomogeneous 
and non-linear. Infinitesimally 



Finally, if 



So 



3 <rP. tfe -iC a P. =^-1. (71) 



(72) 



is a supersymmetry transformation, one must use Q59JI 
and (|60l ) as they stand. Observe, however, that (|60|l has 
the same form as (|70|) except for the fact that hi is a 
function of X while ho is not. Therefore, the transforma- 
tion law of £ under a supersymmetry transformation has 
the same form as that under a de Sitter transformation 
but, with parameters which depend in a well defined way 
on x- 

An explicit form for the transformation law of £ a under 
an infinitesimal AdS boost can be obtained from Q7ip. 
The result is 



, z cosh z 

se = p a +[ —7— - 1 

Sinn z 



(73) 



where z — m^J (£ a £ a ) = m>£- 

The transformation of £° under an infinitesimal 
Lorentz transformation Iq = e% K Jab is 



se = K ab a b 



(74) 



and, under local supersymmetry transformation (|72Jl . £ a 
transform as 



hi — h — Iq 



(65) 



+i 



z cosh z 
sinh z 



1 + -mxx ) £7"X 



-^. =/oe -«--P. /o -i. 



(66) 



Both % and £ transform linearly. If, on the other hand, 
we know only that go = ha G if, in particular, if 



90 = 



is a pseudo-translation, l|59[) gives 

e*' Q = hoe^h^ 1 

hi = h Q 



(67) 



(68) 



(69) 



-2im ML + -toxxJ e7 afc %6- (75) 

Using (|62|l with go — 1 — eQ, one finds that 

i 1 
<^X = £ - g m (5XX + X r AX r ) e + g ™. 2 (xx) e (76) 



&i - 1 = \ l + ^rnxxj (ei a xPa + mEj ab X Jab) ■ 

From H25fl we know that the linear connections are 
jiven by (e a , ui ab , ip). Then, based on these, we can define 
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the corresponding non- linear connections (V a , W ab , 
from JSTJ: 



1 



<2 + -KJ ab J ai) - ie a P a + 4,Q 



(77) 

The corresponding transformation laws for V a , W ab , ^> 
can be obtained from 152Jl . l|53JI . In fact, one can verify 
that, under the AdS supergroup, the non-linear connec- 
tions transform as: 



*'Q = h! (*Q) (hi)- 1 



(78) 



(Xl b x)n [coshz} a b + 2m(x7 ab x)6 



sinh ; 



where 



n(A)t = A5Z + (l-A)^- 



W ab = io ab + m 2 [(i a e b - ( b e a ) 5^ 



a\ (coshz- 1) 



i 2 (( a D( b - ( b DC 



-2»m(l - -mxx){^l X + mxi ab dx 
b 



(81) 



(82) 



-iV' a P a = hi (-iV a P a ) {hx)- 1 



(79) 



+m [xj b d X + 2^7 h x] C 



sinhz 



hw' ab 3 ab = hi \^iW ah 3 ab J (hi^ + hidih)- 1 . (80) 

The nonlincarity of the transformation with respect 
to the elements of G/H means that the labels associ- 
ated with the parts of the algebra of G which generate 
G/H are no longer available as symmetry indices. In 
other words, the symmetry has been spontaneously bro- 
ken from G to H . An irreducible representation of G 
will, in general, have several irreducible pieces with re- 
spect to H. Since, in constructing invariant actions, one 
only needs index saturation with respect to the subgroup 
H , as far as the invariance is concerned it is possible to 
select a subset of nonlinear fields with respect to G, which 
form irreducible multiplets with respect to H. 

Note that, if G = OSp(l,4) and H = 50(3,1), the 
gauge fields V a form a square 4x4 matrix which is in- 
vertible and can be identified with the vierbein fields. In 
the same way we have that W ab is a connection and \& 
can be identified with the Rarita-Schwinger field. These 
fields can be obtained from l|77|l. The details of the cal- 
culation of V a ,W ab ,^b are given in the Appendix; the 
result is 



V a = tt[coshz] a b e b + n 



sinhz 



DC + i[l--mxx 



{[xj b dx + 2^ b x}n[coshz} a b 



r u —hi sinh z . 

-2m& [xi b d X + 2^-7 X } 

L J z 



+2rn 2 [xY'dx + 2?7 cb x] ffc ^J * } 



} 



1 

— im 
2 



1 ~ ^ x ^ x ^f + 7{(X7 /9 x)7/ 3 



{icd^J - imj c e c ) 



<- "\ ) + - IT" ' X + 2mW b x)0 (COSh / 2 ^ 

(83) 



* = { 1 - l -m(^xX + WAX^ A ) ~ ^m 2 (xx) 2 



1 i _ 

"2 1 1 _ g TO (X7 a x)7a 



+ -m(x7 afc x)7afc] {lcdu cd - imj c e c ) x 



4> 



"I 1 - Y2 m ^ XX + xTaxVA ) 



^™ 2 (xx) 2 ]dx}^ m «V 



(84) 



We have specified the fields V a , W ab , and 4" as well as 
their transformation properties, and now we make use of 
them to define a covariant derivatives with respect to the 
group G: 



V = d + W. 



(85) 



The corresponding components of a curvature two-forms 
are 



T a = VV a 



(86) 



1 ~ i2 ( - X7/x - )7/ + Q^ f§x ^f9 



\lcdU 



TZi = dWZ + W^Wl 2 . 



(87) 
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IV. SUPERGRAVITY INVARIANT UNDER 
THE ADS GROUP 

Within the supersymmetric extension of the Stelle- 
West- formalism, the action for supergravity with cos- 
mological constant can be rewritten as 



S = / e abcd TZ ab V c V d + 4* 7 57a2?W Q 



+2a'e abcd V a V b V c V d + 3ae abcd ^ ab ^V c V 



(88) 



which is invariant under l|78|) , (|79|) , Ij80|l . From such equa- 
tions we can see that the vierbein V a and the gravitino 
field transform homogeneously according to the represen- 
tation of the AdS superalgebra but, with the nonlinear 
group clement hi G H. 

The corresponding equations of motion are obtained by 
varying the action with respect to £ a , x, e a , uj ab , ip. The 
field equations corresponding to the variation of the ac- 
tion with respect to £ a and x are n °t independent equa- 
tions. Following the same procedure of Ref. |2j}, we 
find that equations of motion for supergravity genuinely 
invariant under Super AdS are: 



(89) 



transformation, and under local supersymmetry transfor- 
mation are given respectively by 



o£ = p 



(95) 



(96) 



(97) 



the transformation laws of \ under an infinitesimal 
Poincare translation, under an infinitesimal Lorentz 
transformation, and under local supersymmetry trans- 
formation are given respectively by 



s x = o 



s x = o 



S x = e. 



(98) 



(99) 



(100) 



In this limit G = ISO{3, 1) and H = SO(3, 1) and the 
fields vierbein V a , the connection W ab and the Rarita- 
Schwinger field "J are given by 



A " 

r =o 



(90) 



V a = e a + DC +i{2yj + Dx) 7°X 



(101) 



where 



8j 5 japV a - 4j 5 j a y T =0 



A i_ 



(91) 



(92) 



W ab = LU" 



$ = i\) + Dx 



(102) 
(103) 



where now 



-=-ab 



TV" = TZ ab + 4a 2 V a V b + a* 7 ab * = (93) 



(94) 



D = d + uj. 



(104) 



The corresponding components of the curvature two- form 
are now 



r a _ Dy a 



(105) 



A. Supergravity invariant under the Poincare 
group 

Taking the limit m — » in equations f75)l. (175^. 

(UJJ), (JHU, iJHSJl, lE3 we find that the superalgebra 
take the form of the superalgebra of Poincare @ and 
that: the transformation laws of £ a under an infinitesi- 
mal Poincare translation, under an infinitesimal Lorentz 



«^:+«. (we) 

The limit m —> of the action |HU is obviously the 
action for N = 1 Supergravity in (3 + l)-dimensions: 

S= [ e abcd R ab V c V d + 4¥ 7 57a£W a (107) 
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which is genuinely invariant under the Poincare super- 
group. In fact, it is direct to verify that the action I|1U7|) 
is invariant under H95I100J1 plus the transformation law of 
e a ,uj ab ,ijj under infinitesimal Poincare translations, un- 
der infinitesimal Lorentz transformations, and under lo- 
cal supersymmetry transformations, which are given by 

6iv ab = ~Dn ab ; 5e a = n a b e b ; = ^K ab lab ^ 



Stu ab = 0; 8e a = Dp a ; Sip = 0; 5? = -ft 



Suj ab = 0; Se a = ie-y a ijj] Sip = De; S£ a = 0. 
The corresponding field equations are given by 

2e abcd R ab V c + 4*757d£* (108) 



A a 

T =0 (109) 



8-f 5la DfV a - 4 757 a* T =0 (110) 

where 

T =T Q -^*7 a *. (Ill) 

In ref. we have clamed that the successful formal- 
ism used by Stelle-West and by Grignani-Nardelli 21] to 
construct an action for (3 + l)-dimensional gravity invari- 
ant under the Poincare group can be generalized to su- 
pergravity in (3 + l)-dimensions. In fact, that is correct. 
Using the vierbein of Stelle-West and Grignani-Nardelli, 
one gets a supergravity action invariant under Poincare 
translation. However the action of ref. |l9j| is not invari- 
ant under supersymmetry transformations as we can see 
from JTHJ. 

To obtain an action invariant both under Poincare 
translations and under supersymmetry transformations, 
we must carry out the supersymmetric extension of the 
Stelle-West formalism. The correct vierbein, spin con- 
nection, and gravitino field to construct a supergravity 
action (sec I107f) genuinely invariant under the Poincare 
supergroup are given in equations (|101f> . (|102ll . (|103fl . 

V. COMMENTS AND POSSIBLE 
DEVELOPMENTS 

The main results of this work can be summarized as 
follows: 

(i) In order to construct a gauge theory of the super- 
symmetric extension of the AdS group, it is necessary 



to carry out the supersymmetric extension of the Stelle- 
West- Grignani-Nardelli formalism . 

(ii) The correspondence with the usual N = 1 super- 
gravity with cosmological constant formulation has been 
established by giving the expressions, in terms of the 
gauge fields, of the spin connection, the vierbein, and 
the gravitino. These fields are given by complicated ex- 
pressions involving £ a , \, ip, u ab and e a . 

(Hi) An action for (3 + l)-dimensional N = 1 super- 
gravity with cosmological constant genuinely invariant 
under the supersymmetric extension of the AdS group 
has been proposed. The corresponding equations of mo- 
tion reproduce the usual equation for N — 1 supergravity 
with cosmological constant. 

Several aspects deserve consideration and many pos- 
sible developments can be worked out. An old and 
still unsolved problem is the construction of an eleven 
dimensional supergravity off-shell invariant under the 
supersymmetric extension of the AdS group (work in 
progress). The construction of an action for supergrav- 
ity in ten dimensions genuinelly invariant under the AdS 
superalgebra, and its relation to eleven dimensional su- 
pergravity, could also be of interest. 

Another interesting issue is the connection between the 
present paper and the supergravity in (3+ l)-dimensions 
obtained via dimensional reduction from five-dimensional 
Chern-Simons supergravity (work in progress). 



VI. APPENDIX 

In this appendix, we discuss how to derive some of the 
results given in the text, in particular the expressions for 
V a , W ab , We use the techniques of refs. which 
we summarize here for convenience. 

For any two quantities X and Y we define 

[X,Y]=XAY (112) 



X 2 AY = [X, [X, Y]] . (113) 

• The expression f(X) A Y is defined as a series of 
multiple commutators, obtained by expanding the 
function f(X) as a power series in X. It is direct 
to verify that 

g(X) A lf(X) A Y] = [g(X)f(X)} A Y. (114) 

As a consequence, the equation 

f(X)AY = Z (115) 
can be solved for Y in the form 

Y=[f(X)}- 1 AZ. (116) 
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In particular, we have satisfy 

e x Ye- x =e x AY (117) T A T B + T B T A = 2r, AB 



1 - p x 



(118) 



where 8 is any variation. 

When written in the above notation, eq. (|71|l become 



1 - e^ ap ° 



-A(iSCPa)=h-l- (119) 



Since this is a Lorentz generator, we must evaluate the 
AdS boost component of the left-hand side and set it 
equal to zero; only commutators of even order contribute 
to it. Therefore we must take the even powers of i<5£ a P a 
of the functions occurring in l|119(l . This leads to 

= n + ( ^ - l) (V " ^ Pa 



sinh ; 



(120) 

In a similar way, we can make use of (|62[1 with go — 1 = 
eQ; one finds that 

- 1 — 
e-xQ A (eQ) A (SxQ) = hi - 1. (121) 

Here there is a simplification: any power of x higher 
than four vanishes identically due to the anticommuting 
property of the spinor component. Therefore we need 
only 



xQAsQ = -2mxi AB eJ A B 



(122) 



(XQ) 2 AeQ = -^imxxeQ ~ \imxT AX eT A Q (123) 



(XQY A eQ = Aim 2 xxXl AM eJ AB (124) 



(xQ) 4 AeQ = -5m 2 (xx) 2 eQ, 
where the five matrices 

T A = (7q75,75) 



(125) 



7ab = | [r^,r B ] 



2 mi AB J AB = 2 1 a P a - 2 mi ab J ab 
If one sets equal zero, in the left-hand side of (|121fl . 
the part with the even powers of xQ, one finds 



cosh (xQ) A eQ — sm ^Q) A s -q = Q 



XQ 



(126) 



Using l|115|) . we have 

SxQ 



i + \{xQ?-^{xQf 



AeQ. 



(127) 



If one now makes use of l|122[) to (|125|l . one obtains 



SxQ = 



(128) 

On the other hand, using I127fl . the part with the odd 
powers gives 



hi - 1 = yi + -mxxj (ei a xPa + ™£7 X Jab) ■ 

The nonlinear fields V a ,W ab ,'$> are evaluated from 
their definition ( I51|l . I|77|) following the same procedure 
of ref. 0. 
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